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Abstract
The first order formalism for 3D Yang-Mills theory is considered and two different
formulations are introduced, in which the gauge theory appears to be a deforma-
tion of the topological BF theory. We perform the quantization and the algebraic
analysis of cohomology and renormalization for both the models, which are found
to be anomaly free. We discuss also their stability against radiative corrections,
giving the full structure of possible counterterms, requiring an involved matricial
renormalization of fields and sources.
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1 Introduction
The interplay among the topological and non perturbative properties of field theory is
subject to increasing investigations in different areas of theoretical physics. In particular in
gauge field theories the role of topologically non trivial configurations, e.g. instantons and
monopoles, has been repeatedly conjectured to be related with the long range behaviour
of the theory. The topological role of these configurations is better displayed in the
computation of the intersection numbers associated to the vev’s of non local observables
supported on non trivial manifolds in the framework of topological field theories The
topological theory may be either the twisted version of a suitable N = 2 supersymmetric
theory [1] or a topological theory of BF type [2, 3, 4].
The relation among topological and gauge field theories may be considered also in the
usual case of bosonic Yang-Mills theory. Introducing the first-order formalism, the Yang-
Mills theory may be formally written as the deformation of the topological pure BF theory
[5, 6, 7]. This formulation, named BFYM, suggests that new non local observables can be
inherited by the gauge theory from the topological one [8] and indeed recently in terms
of its enlarged field content an explicit realization of the ‘t Hooft algebra [9] has been
given in the 4D case [5]. It is therefore important to quantize this theory and check its
equivalence with the standard formulation of Yang-Mills. In particular the perturbative
behaviour and renormalization properties are expected to agree with the usual case. In
the 4D case the asymptotic free behaviour of the perturbative formulation of BFYM
has been recently verified [6]. In this paper we address to the 3D case and study the
renormalization properties of BFYM using cohomological tools. The extension of this
analysis to the 4D case will be discussed elsewhere.
Two different first order formulations can be given, with a different symmetry and
field content but with the same number of degrees of freedom, both corresponding to the
standard Yang-Mills theory. Using algebraic analysis we consider the quantization and
the perturbative formulation of these models, discuss the absence of anomalies and their
stability against radiative corrections and the structure of the required counterterms. In
particular, a matricial mixing among fields and external sources is introduced in order to
produce the correct renormalization of the theory.
The plan of the paper is the following. In section 2 we introduce the classical model
in both the formulations, named “gaussian” and “extended” BFYM, giving their field
contents and BRST quantization; we discuss also the equivalence between the two models
and of the models with the Yang-Mills theory. In section 3 the cohomological analysis of
the gaussian model is performed after introducing a suitable Chern-Simons IR regulator,
owing to the superrenormalizable character of 3D gauge theory. The gaussian model turns
out to be stable and anomaly free. The matricial renormalization of fields and sources is
described. In section 4 the same analysis is repeated for the extended model which again
turns out to be stable and anomaly free. In the appendices we collect and discuss the
propagators and the Feynman rules for both the models, the Ward identities for the two
point functions and the notation and the conventions.
1
2 Classical model
We consider the classical YM lagrangean in flat euclidean space-time written in the first
order formalism:
LBFYM = iTr (B ∧ F ) + g
2TrB2 , (2.1)
with the notation TrB2 ≡ TrB ∧ ∗B; indeed integrating over the auxiliary field B in the
partition function we get Z = e−
∫
LYM where
LYM =
1
4g2
TrF 2 . (2.2)
This theory is invariant with respect to the gauge transformations, which reads in the
infinitesimal form
δ A = −dAc ,
δ B = i[B, c] .
(2.3)
We note that in the limit of zero coupling constant we recover, at least formally, the pure
BF theory [2, 3].
We have two ways to quantize the theory. In the first one we consider L0 = Tr (B ∧
dA + g2B2) as the free lagrangean and we have to fix the gauge symmetry: this will be
done in section 2.1. In the second one we extend the symmetry group to that of the
term L0 = TrB ∧ dA which is larger than the one of the whole lagrangean (2.1), as it
includes one more symmetry which we call “topological”. To deal with this problem we
will enlarge the field content of the theory introducing a zero form η which will allow to
extend the new symmetry to the whole lagrangean. This will be dealt with in section 2.2
2.1 Gaussian model
The BRST quantization of (2.1) is accomplished in the usual way by introducing the couple
of ghost and antighost (c, c¯) and the auxiliary field b and by defining the nihilpotent BRST
transformations as
sA = −dAc ,
s c = − i
2
[c, c] ,
s c¯ = b ,
s b = 0 ,
s B = i[B, c] .
(2.4)
Then we define the gauge-fixing lagrangean, choosing the covariant linear gauge,
Lgf = s
(
c¯ ∧ ∗d†A+
α
2
b ∧ ∗c¯
)
; (2.5)
eventually the gauge-fixed lagrangean is
L = iB ∧ F + g2B2 + c¯ ∧ ∗d†dAc+ b ∧ ∗d
†A +
α
2
b2 . (2.6)
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If we invert the quadratic operator appearing in the action, we get an off-diagonal
structure for the propagators matrix which is reported in appendix A with the Feynman
rules of the theory. Note that only a trilinear interaction vertex BAA appears in the
classical BFYM lagrangean and the off-diagonal propagators are actualy those that recover
the non linear self interactions of Yang-Mills theory.
2.2 Deformation of the pure BF theory
In this section we aim to construct a theory equivalent to the gaussian formulation of the
BFYM, but enjoying also the topological symmetry of the pure BF theory. This will be
the starting point for the interpretation of the BFYM as a deformation of the pure BF
theory.
Indeed the B∧F term in (2.1) is invariant under the mapping B → B−dAφ, and this
is precisely the symmetry which in the pure BF case spoils the local degrees of freedom.
In the gaussian formulation the topological symmetry was broken by the B2 term, so that
we are naturally led to the introduction of a scalar field η that can absorb the breaking
of the symmetry.
We start using a Faddeev-Popov argument; consider the partition function of the
gauge-fixed action of the previous section, where we write the functional measure DA and
the gauge-fixing as [DA]
ZBFYM =
∫
[DA]DB e−SBFYM . (2.7)
Then we define a Faddeev-Popov determinant ∆F satisfying
1 = ∆F [B]
∫
Dηδ(F [B + dAη]) , (2.8)
where η is a zero form with values in the Lie algebra of the gauge group and F is a local
functional with only the dependence on B explicited; we note that we are considering
infinitesimal transformation of the field B in the direction dAη. Since the functional
measure Dη is invariant with respect to the translations of the field η, the determinant
satisfies
∆F [B] = ∆F [B + dAη] . (2.9)
Inserting (2.8) into ZBF we obtain
ZBFYM =
∫
[DA]DBDη∆F [B]δ (F [B + dAη]) e
−SBF . (2.10)
If we change variables
B−→B + dAη ,
DB−→DB ,
(2.11)
and use the Bianchi identity we finally get
ZBFYM =
∫
[DA]DBDη∆F [B] δ (F [B]) e
−
∫
d3x (iTr (B ∧ F ) + g2Tr (B + dAη)2) ,
(2.12)
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where we can see that the parameter of the transformation (2.11) has become dynamical.
Therefore the lagrangean in the extended formulation becomes
LBFYMη = iTr (B ∧ F ) + g
2Tr (B + dAη)
2 , (2.13)
which is invariant with respect to the gauge symmetry
δgA = −dAc ,
δgB = i[B, c] ,
δgη = i[η, c] ,
and the topological symmetry
δtopA = 0 ,
δtopB = −dAφ ,
δtop η = φ ,
which act on A and B as the gauge and topological symmetries of the pure BF theory.
The field equations of the extended lagrangean are
i ∗ dAB − 2ig
2[η, B + dAη] = 0
i ∗ F + 2g2(B + dAη) = 0
dA(B + dAη) = 0 ,
(2.14)
and again the standard Yang-Mills theory is recovered by substituting them back in the
lagrangean or by gaussian integration
Choosing the gauge fixing condition G = d†A = 0 for the gauge symmetry and F =
d†B = 0 for the topological symmetry3, the gauge-fixing lagrangean becomes
Lgf = s
(
c¯ ∧ ∗d†A+
α
2
b ∧ ∗c¯+ φ¯ ∧ ∗d†B +
β
2
h ∧ ∗φ¯
)
, (2.15)
recovering the BRST invariance for the full theory under the nihilpotent BRST transfor-
mations s defined as follows:
sA = −dAc ,
sc = −
i
2
[c, c] ,
sc¯ = b ,
sb = 0 ,
sB = i[B, c]− dAφ ,
sφ = −i[φ, c] ,
sφ¯ = h ,
sh = 0 ,
sη = i[η, c] + φ ,
3A more natural choice would have been d†AB = 0 which excludes the transverse B-fields completely,
but we preferred d†B = 0 because it leads to a more direct comparison with the works on pure BF theory
[10]
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with
s2 = 0 . (2.16)
The gauge fixed action can be interpreted as a deformation of the quantized pure BF
theory
ZBFYM =
∫
DADBDηDcDc¯DbDφDφ¯Dh e−SBFq − g
2Sdef , (2.17)
where
SBFq =
∫
{iB ∧ F + c¯ ∧ ∗d†dAc+ φ¯ ∧ ∗d
†dAφ− iφ¯ ∧ ∗d
†[B, c]
+b ∧ ∗d†A+ h ∧ ∗d†B +
α
2
b2 +
β
2
h2} ,
Sdef =
∫
(B + dAη)
2 ,
and SBFq is the action of the topological pure BF theory quantized in in the same gauge
[10]. We will call this formulation “extended BFYM”. The extended formulation becomes
even more interesting in the 4D case, where the topological symmetry is reducible pre-
senting therefore a larger field contents [7].
Like in the gaussian model, from the Feynman rules we obtain an off-diagonal structure
in the propagator matrix whose explicit form is reported in appendix 5.
Finally we will count the degrees of freedom of the deformation of the BF, and check
that it has just 1 bosonic degree of freedom as the gaussian formulation has. This is done
by analizing the free part of the partition function and counting the number of bosonic
and fermionic determinants [3]. Define
∆0 = d
†d : Λ0−→Λ0 , (2.18)
∆1 = d
†d + dd† : Λ1−→Λ1 , (2.19)
where Λn is the space of the Lie algebra valued n-forms. The integration on the ghosts
(c, c¯) and (φ, φ¯) yields (det∆0)
2, and that on η gives (det∆0)
− 1
2 . The integration on
the remaining bosonic fields requires more care; in fact for a non-diagonal quadratic self-
adjoint operator K the determinant is defined as detK =
(
det(K†K)
) 1
2 [11], so that
∫
e− (ρ,Kρ) = (detK)−
1
2 =
(
det(K†K)
) 1
4 . (2.20)
Then the integration on the fields A, B, b and h yields
(det∆1)
− 1
2 (det∆0)
− 1
2 . (2.21)
In conclusion the free partition function is
Zη 0 = (det∆1)
− 1
2 (det∆0)
− 1
2 (det∆0)
2 (det∆0)
− 1
2 . (2.22)
Since the operator ∆1 is seen as ∆0 acting on three copies of Λ
0, when concerning the
degree of freedom count, eventually we are left with 1 bosonic degree of freedom, as it
happens in YM and in the gaussian formulation of BFYM.
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2.2.1 Energy-momentum tensor
The theory described by (2.17) is not a topological one although it has the simmetry con-
tent of the pure BF theory. This can be demonstrated showing that the energy momentum
tensor is not BRST-exact; indeed this is the condition which encodes the topological na-
ture of a theory [12]. The tensor can be decomposed into three pieces corresponding to
the pure BF, gauge-fixing and deformation lagrangean:
Tµν = T
BF
µν + T
gf
µν + T
def
µν , (2.23)
where TBFµν = 0, owing to the fact the the pure BF lagrangean is metric independent.
T gfµν =
{
Q, 2√
g
δΨ
δgµν
}
where Ψ is the gauge fermion of the BRST quantization procedure
and Q is the BRST charge . Then, an explicit calculation shows that
T defµν =
1
2
g2 (Baλ +Dλη
a) [∂µη
aδνλ + ∂νη
aδµλ − δµν (B
a
λ +Dλη
a)] . (2.24)
It is now easy to show that since in this relation there appear terms in η but no terms in
φ the tensor T defµν cannot be BRST-exact. Indeed
δ
δη
(sϕ) = 0 ∀ϕ = (A,B, ....) so that η
can appear in a BRST variation only as
s(ηMµν [ϕ]+Nµν [ϕ 6= η]) = ηs(Mµν [ϕ])+(φ+i[η, c])Mµν [ϕ]+sNµν [ϕ 6= η] 6= T
def
µν , (2.25)
for any local functional Mµν and Nµν . Therefore the theory is not topological; the local
degrees of freedom which are spoiled by the gauge fixing of the added topological symmetry
are recovered by the introduction of the field η.
3 Cohomology and renormalization of the gaussian
model
We now consider the perturbative behaviour of the theory. The gaussian model is a super-
renormalizable theory and due to the masslessness of its fields it presents IR divergences
of ever increasing order in perturbation theory.
These divergences appear somewhat artificial. For example it can be shown [13, 14] that
they appear because we are forcing a Taylor series in g2/p while the functions we are
calculating are non analitical; indeed an appropriate resummation of the perturbative
series shows that we should also take into account powers of the logarithms of g2/p. Some
other “cures” to these divergences have been investigated but in any case they are of a
non perturbative nature.
A way to save the perturbation theory is to introduce a mass term for at least some of
the fields. In the context of the gauge theories this is usually done by a Higgs mechanism,
but in three dimensions another method is available: the addition of a Chern-Simons
term to the lagrangean [15, 16]. Then all the propagators between the A and B field
acquire a mass and in the Landau gauge the theory is safe from IR divergences. The
zero mass limit, which formally recovers the massless theory, is argued to be smooth
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for resummed quantities and moreover the observables should be mass independent [14].
The IR problem arises in our analysis when we want to study the quantum extendibility
of the classical constraints of our theory. Indeed the main tool for this analysis is the
Quantum Action Principle (QAP) [17, 18], which is valid for UV and IR renormalizable
theories, and BRST invariance [19]. The addition of the Chern-Simons term makes the
theory IR renormalizable by power-counting in the Landau gauge; for the YMCS case
the renormalizability is explicitly shown in [20] by perturbative calculations to one-loop
order and by a cancellation theorem valid to all orders, and in [21] the calculations are
performed to two-loops. The Chern-Simons term has another interesting feature: it does
not change either the algebraic structure or the form of the operators entering in the
algebraic analysis (in particular the S-T operator is the same as in the massless theory).
For these reasons we shall adopt this IR regularization and we shall restrict our analysis
to the Landau gauge.
3.1 Classical analysis
The classical (or tree level) lagrangean of the regularized theory is
L = LBFYM + imLCS + Lgf + Lsources = (3.1)
= iB ∧ F +B2 + im
(
A ∧ dA+
2
3
gA ∧A ∧ A
)
+ (3.2)
+
(
c¯ ∧ ∗d†dAc + b ∧ ∗d
†A
)
+ (ΩA ∧ ∗s(A) + ΩB ∧ ∗s(B) + Ωc ∧ ∗s(c)) , (3.3)
where we added the external sources coupled to the non-linear BRST variations of the
fields and rescaled the fields as A → gA, B → B/g, in order that their UV dimensions
match the physical dimensions, The dimensions, ghost-number, Grassmann and space-
time inversion parity of the fields are shown in table 1.
A B c c¯ b ΩA ΩB Ωc
UV dimension 1
2
3
2
0 1 3
2
2 3
2
3
IR dimensions 1 3
2
0 1 3
2
2 3
2
3
Ghost number 0 0 1 −1 0 −1 −1 −2
Grassmann parity + + − − + − − +
Space-time parity − + + + + − + +
Table 1: dimensions, ghost-number and parity of the fields
Note that under the simultaneous reflection of all the coordinate axis LCS−→− LCS, so
that the IR regularized theory is parity-breaking.
The classical action Σ =
∫
L is characterized by the gauge-fixing condition
δΣ
δb
= ∂µAµ , (3.4)
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and by the Slavnov-Taylor identity, which is a consequence of the BRST invariance,
S(Σ) = 0 , (3.5)
where
S(Σ) =
∫
d3x
(
δΣ
δAaµ
δΣ
δΩaAµ
+
δΣ
δBaµ
δΣ
δΩaBµ
+ ba
δΣ
δc¯a
+
δΣ
δca
δΣ
δΩac
)
. (3.6)
We define the linearized Slavnov operator as
BΣ =
∫
d3x
(
δΣ
δAaµ
δ
δΩaAµ
+
δΣ
δΩaAµ
δ
δAaµ
+
δΣ
δBaµ
δ
δΩaBµ
+
δΣ
δΩaBµ
δ
δBaµ
+
+ba
δ
δc¯a
+
δΣ
δca
δ
δΩac
+
δΣ
δΩac
δ
δca
)
, (3.7)
whose dimensions are dUV =
7
2
and dIR = 3; from (3.5) follows the nihilpotency of this
operator,
BΣBΣ = 0 . (3.8)
Moreover by commuting (3.4) and (3.5) we obtain the antighost equation of motion
G¯aΣ = 0
G¯a =
δ
δc¯a
+ ∂µ
δ
δΩAµ
,
whose consequence is that the source Ω and the antighost enter in the action only through
the combination:
Ω̂ = Ω + ∂µc¯ . (3.9)
With respect to this new variable we define the reduced action
Σ̂[A,B, c, Ω̂A,ΩB,Ωc] = Σ[A,B, c, c¯, b,ΩA,ΩB,Ωc]− b ∧ ∗d
†A , (3.10)
which clearly satisfies
δΣ̂
δb
= 0 . (3.11)
The S-T operator becomes
B̂
Σ̂
=
∫
d3x
 δΣ̂
δAaµ
δ
δΩ̂Aaµ
+
δΣ̂
δΩ̂Aaµ
δ
δAaµ
+
δΣ̂
δBaµ
δ
δΩB
a
µ
+
δΣ̂
δΩB
a
µ
δ
δBaµ
+
δΣ̂
δca
δ
δΩc
a +
δΣ̂
δΩc
a
δ
δca
 ,
(3.12)
and the S.T. identity (3.5) is rewritten as
B̂
Σ̂
Σ̂ = 0 . (3.13)
Another constraint on Σ̂ is given in the Landau gauge by the ghost equation [22] which
reads
GaΣ = ∆a(g) , (3.14)
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where
Ga =
∫
d3x
(
δ
δca
+ fabcc¯b
δ
δbc
)
, (3.15)
∆a(g) =
∫
d3xfabc
(
ΩbAµA
c
µ + Ω
b
BµB
c
µ − Ω
b
cc
c
)
. (3.16)
The action is invariant also with respect to the rigid gauge transformations of parameter
ω
δrigϕ = [ω, ϕ] ϕ = A,B, c, c¯, b,ΩA,ΩB,Ωc , (3.17)
whose Ward identity is
W rigΣ =
∫
d3x
∑
ϕ
[
ϕ,
δΣ
δϕ
]
±
= 0 , (3.18)
where we used commutators for the bosonic fields and anticommutators for the fermionic
one. In the Landau gauge the Ward identity (3.18) may also be derived by commuting
(3.14) with the S.T. identity.
In summary, the classical action is characterized by the following constraints
B̂
Σ̂
Σ̂ = 0 , (3.19)
δΣ̂
δba
= 0 , (3.20)
G¯aΣ̂ =
δ
δc¯
Σ̂ = 0 , (3.21)
GaΣ̂ =
∫
d3x
δ
δc
Σ̂ = 0 , (3.22)
W rigΣ̂ =
∫
d3x
[
ϕ,
δΣ̂
δϕ
]
±
= 0 . (3.23)
The action of the linearized Slavnov-Taylor operator on the fields and on the sources is
B̂
Σ̂
ϕ = δΣ̂
δϕ
= sϕ for ϕ = A,B, c ,
B̂
Σ̂
Ω̂A =
δΣ̂
δA
= i ∗ dAB + im ∗ F + ig{Ω̂A, c} ,
B̂
Σ̂
ΩB =
δΣ̂
δB
= i ∗ F + 2B + ig{Ω̂B, c} ,
B̂
Σ̂
Ωc =
δΣ̂
δc
= d†AΩ̂A + ig ∗ [ΩB, ∗B] + ig[Ωc, c] .
(3.24)
3.2 Renormalization of the theory
In this section we will study the perturbative extension of the relations (3.19-3.23) and
the stability of the theory under quantum corrections, i.e. the search of the more gen-
eral invariant counterterms. The latter and the problem of the gauge anomaly will be
translated into a problem of local cohomology for the operator B̂
Σ̂
to be solved in an
appropriate space of local field functionals with fixed dimensions and ghost-number. In
particular, being interested in the action, we can discard total derivatives so that we
will be concerned with a problem of cohomology modulo d, which will be dealt with by
considering an appropriate system of descent equations.
9
3.2.1 Anomaly
It is easy to show that the conditions (3.20-3.23) can be extended to all orders of pertur-
bation by the introduction of non-invariant counterterms in the classical action [18], i.e.
we can define a quantum vertex functional Γ satisfying
δΓ
δba
= ∂µA
a
µ , (3.25)
G¯aΓ = 0 , (3.26)
GaΓ = ∆a(g) , (3.27)
HarigΓ = 0 . (3.28)
As a consequence we can decompose it as
Γ[A,B, c, c¯, b,ΩA,ΩB,Ωc] = Γ̂[A,B, c, Ω̂A,ΩB,Ωc] + Tr
∫
d3x
(
b ∧ ∗d†A
)
. (3.29)
We want now to study the gauge anomaly. Therefore we start by writing a broken
S-T identity
B̂
Γ̂
Γ̂ = h¯n∆10 +O(h¯
n+1) , (3.30)
where the break is a local field functional of ghost-number 1 and form degree 0 assumed
to appear at the order n, and is constrained by the QAP to have UV dimensions less
than 7
2
and IR dimensions greater than 3. Thank to the commutation properties of the
operators appearing in (3.25-3.28) with the Slavnov-Taylor operator, the break must also
to satisfy the following constraints:
δ
δba
∆ =
δ
δha
∆ = 0
G¯a∆ = F¯a∆ = 0
Ga∆ = 0
Fa∆ = 0
Harig∆ = 0
N arig∆ = 0 .
The identity B̂γB̂γγ = 0, ∀γ, along with the fact that B̂Γ̂ = B̂Σ̂ +O(h¯), implies that
B̂
Σ̂
∆10 ≡ B̂Σ̂
∫
Ω13 = 0 , (3.31)
whose solution is to be found in the subspace satisfying the constraints (3.25-3.28). In
general, the solution will be of the form
Ω13 = Ω̂ + B̂Σ̂Ω˜
0
3 + dΩ
1
2 , (3.32)
where Ω̂ represents the anomaly and −Ω˜ the non invariant counterterms to be added to
the classical lagrangean at the order n.
It is possible to symplify the analysis by studying the cohomology of the linearized part
b0 of the operator B̂. Following general lines it can be demonstrated that the cohomology
of B̂ is included in that of b0 [18] and the following proposition holds
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Proposition 3.1 The local cohomology of b0 is independent of the external sources and
depends on
dA and its derivatives,
c not derived,
B and its derivatives.
The descent equations leading to the solution of (3.31) are
b0Ω
1
3 + dΩ
2
2 = 0 ,
b0Ω
2
2 + dΩ
3
1 = 0 ,
b0Ω
3
1 + dΩ
4
0 = 0 ,
b0Ω
4
0 = 0 ,
where Ωpq is a q-form of UV dimension bounded by q and ghost number p. The result is
4
Ω13 = b0Ω
0
3 + dΩ
1
2 + z1dA(Ac− cA) + z2dB(Ac− cA) + u1dA ∗ dAc + u2B ∗Bc (3.33)
The monomials in u1, u2 are null, indeed for example Tr (B ∗Bc) = f
abcBaµB
b
µc
c = 0. The
monomials in z1 and z2 are trivial:
dA(Ac− cA) = b0
[
−
1
3
A3
]
+ d
[
1
2
d(A(Ac− cA))
]
,
dB(Ac− cA) =
1
2
b0
[
i ∗ dAA2 − dΩB(Ac− cA)
]
+ d
[
ΩBdc
2 − i ∗ dA(Ac− cA)
]
.
Therefore the cohomology of b0 has no nontrivial terms in this sector. Then also the
cohomology of B̂
Σ̂
is trivial and we conclude that the Slavnov-Taylor condition is not
anomalous.
3.2.2 Stability
In this section we will search for the most general invariant counterterms, i.e. local field
functionals with dimensions dUV ≤ 3, dIR ≥ 3 and ghost-number 0 which are invariant
with respect to all the symmetries of the theory. In particular we will study the condition
B̂
Σ̂
L ≡ B̂
Σ̂
∫
Ω03 = 0 , (3.34)
in the local functional space constrained by the conditions (3.25,3.26,3.28) and the ghost
equation
GaL = 0 . (3.35)
This means that we consider L to be dependent on Ω̂ and independent of b and c¯. The
cohomology of the operator b0 in this space is given by proposition 3.1.
4Traces and wedge products are always understood.
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The descent equations related to this problem are
b0Ω
0
3 + dΩ
1
2 = 0 ,
b0Ω
1
2 + dΩ
2
1 = 0 ,
b0Ω
2
1 + dΩ
3
0 = 0 ,
b0Ω
3
0 = 0 ,
and the solution is
Ω03 = b0Ω̂
−1
3 + dΩ̂
0
2 + iz1BdA + z2B ∗B + z3dA ∗ dA + iz4mAdA . (3.36)
But the terms of coefficient z1 and z2 are equivalent to dA ∗ dA, indeed:
BdA = −
i
2
dA ∗ dA + b0(ΩBdA) (3.37)
B ∗B = −
i
2
BdA + b0(ΩB ∗B) . (3.38)
The extension to the cohomology of B̂
Σ̂
is straightforward:
B̂
Σ̂
Ω˜−13 + dΩ˜
0
2 + z3F ∗ F + iz4g
2LCS . (3.39)
We observe that this cohomology is equivalent to that of the YMCS theory.
The trivial part of the cohomology is given by the variation of Ω˜−13 , which is a local
functional of dimension dUV ≤ 3 and dIR ≥ 3; therefore it is a superposition of the
following monomials:
Ω̂A ∗ A ΩB ∗B Ωc ∗ c ΩBdA ΩB[A,A] . (3.40)
The first three terms correspond to field renormalizations and the following two require
that the renormalization allow a field mixing.
Let us introduce the following notation:
Nϕ =
∫
ϕ ∗
δ
δϕ
; Nϕ→ω =
∫
ω ∗
δ
δϕ
. (3.41)
Then the trivial counterterms can be expressed as
B̂
Σ̂
(Ω̂A ∗ A) = (NA −NΩ̂A)Σ̂ ≡ NAΣ̂ ,
B̂
Σ̂
(ΩB ∗B) = (NB −NΩB)Σ̂ ≡ NBΣ̂ ,
B̂
Σ̂
(Ωc ∗ c) = (Nc −NΩc)Σ̂ ≡ NcΣ̂ ,
B̂
Σ̂
(ΩBdA) = (NB→∗dA −NΩ̂A→∗dΩB)Σ̂ ≡ N
(1)
rot Σ̂ ,
B̂
Σ̂
(ΩB[A,A]) = (NB→∗[A,A] − 2NΩ̂A→∗[A,ΩB])Σ̂ ≡ N
(2)
rot Σ̂ .
(3.42)
At last, the ghost equation (3.35) excludes the Nc counterterm.
It is now apparent that all the trivial counterterms are already present in the classical
BFYM lagrangean or can be absorbed via an appropriate transformation of the fields
and the parameters, which will be the subject of the next section. The absorption of the
non-trivial counterterms will require more care.
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3.3 Renormalization transformations
In this section we will be concerned with the analysis of the transformations of the fields
which permit to determine perturbatively the invariant counterterms needed to renormal-
ize the theory. The appearance of terms not present in the classical lagrangean will force
us to consider not only multiplicative transformations but to allow for a rotation in the
space of the fields; the renormalization will be multiplicative only in a matricial sense.
For a better comprehension of what are the terms that contribute to the renormaliza-
tion of the coupling constant we rescale the fields so that g appears only in the terms B2
and F 2.
To show in detail the absorbability of the counterterms, we proceed by induction and
consider the counterterms absorbed till the order n− 1. Then the results of section 3.2.2
show that the counterterms enter in the action in the following manner
Σ = Σ̂0 +
∫ (
h¯nz3
1
g2
F 20 + ih¯
nz4mLCS0+
+h¯na1NAΣ̂0 + h¯
na2NBΣ̂0 + h¯
na3NcΣ̂0 + h¯
na4N
′
rotΣ̂0 + h¯
na5N
′′
rotΣ̂0
)
,(3.43)
where Σ̂0 is the bare reduced classical action.
We separate the absorption procedure in three steps. At first, we absorb the F 2 term
by a translation of the B-field; this step produces a counterterm of the type BF . Then
we will absorb the BF counterterm, by a rescaling of the B-field, of its source ΩB and
a renormalization of g; moreover we will absorb also the LCS counterterm by a mass
renormalization. Note that only in these steps we have the physical renormalization of
the two dimensionful parameters of the theory, g and m. After these two steps we are
left only with the trivial counterterms: we can therefore complete the procedure by a
wave-function “matricial” renormalization.
We analize the three steps in detail:
1. Absorption of F2. By a translation of the B-field we can extract from the B2 term
a monomial of the type F 2 (we cannot translate the A-field because we want its image
to be a connection). However, this translation generates terms like K2[F2, c2] stemming
from K1 ∧ ∗s(B1) but we can adsorb them by translating also the source Ω̂A:
A0 = A1 ,
B0 = B1 + ih¯
n 1
g2
z3 ∗ F1 ,
c = c1 ,
Ω̂A0 = Ω̂A1 − ih¯
nz3
1
g2
1
∗ dAΩB1 ,
ΩB0 = ΩB1 ,
Ωc0 = Ωc1 ,
g0 = g1 ,
m0 = m1 ,
(3.44)
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where we have used the identity∫
ΩB ∗ [∗F, c] =
∫
∗dAΩB ∗ dAc . (3.45)
We obtain therefore the following lagrangean:
Σ1 = Σ̂[ϕ1] +
∫
[ih¯nz3B1 ∧ F1 + ih¯
nz4mLCS1+
+h¯na1NAΣ̂1 + h¯
na2NBΣ̂1 + h¯
na3NcΣ̂1 + h¯
na4N
′
rotΣ̂1 −
i
2
h¯na5N
′′
rotΣ̂1
]
.(3.46)
2. Absorption of BF and LCS. We can cancel the BF counterterm in (3.46) by
rescaling B. In so doing we produce also a B2 term which can be absorbed by a coupling
constant renormalization, and a ΩB[B, c] term which can be cancelled by a rescaling of
ΩB:
A1 = A2 ,
B1 = B2 − h¯
n(z3)B2 ,
c1 = c2 ,
Ω̂A1 = Ω̂A2 ,
ΩB1 = ΩB2 + h¯
n(z3)ΩB2
Ωc1 = Ωc2 ,
g1 = g2 + h¯
nz3g2 ,
m1 = m2 − h¯
nz4m2 .
(3.47)
We then obtain
Σ2 = Σ̂[ϕ2] +
∫ [
h¯na1NAΣ̂2 + h¯
na2NBΣ̂2 + h¯
na3NcΣ̂2+
+h¯n
1
g2
a4N
′
rotΣ̂2 −
i
2g2
h¯na5N
′′
rotΣ̂2
]
. (3.48)
Note that we could have chosen B ∗B as the representative of the cohomology (3.39). In
this case the previous steps would have reduced to the physical renormalizations only, but
with our choice the relation with the renormalization of the YMCS theory is more direct,
i.e. it is the F 2 term which gives the coupling constant renormalization in both cases.
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3. Wave function renormalization Finally, it is sufficient to rescale and rotate the
fields and the sources to absorb the remaining counterterms:
A2 = AR − h¯
na1AR ,
B2 = BR − h¯
na2BR − h¯
na4 ∗ dAR + ih¯
na5 ∗
1
2
[AR, AR] ,
c2 = cR ,
Ω̂A2 = Ω̂AR + h¯
na1Ω̂AR + h¯
na4 ∗ dΩBR − ih¯
na5 ∗ [AR,ΩBR] ,
ΩB2 = ΩBR + h¯
na2ΩBR ,
Ωc2 = ΩcR ,
g2 = gR ,
m2 = mR .
(3.49)
Finally
ΣR[ϕR] = Σ̂[ϕ]
∣∣∣
ϕ=ϕR
. (3.50)
Complete renormalization transformations. Collecting the three steps in one trans-
formation and collecting the fields and the sources in multiplets we can write the renor-
malization transformations in matrix notation:
dA0
−i[A0, A0]
B0
c0
 =

1− h¯na1 0 0 0
0 1− h¯na1 0 0
1− h¯n
1
g2
(iz3 + a4)∗ 1− h¯
n 1
g2
(iz3 + a5)∗ 1− h¯
n(a2 + z3) 0
0 0 0 0


dAR
− i2 [AR, AR]
BR
cR

(3.51)
and
Ω̂A0
dΩB0
−i[A0,ΩB0]
Ωc0
 =

1 + h¯na1 1 + h¯
n 1
g2
(−iz3 + a4)∗ 1 + h¯
n 1
g2
(−iz3 + a5)∗ 0
0 1 + h¯na2 0 0
0 0 1 + h¯na2 0
0 0 0 0


Ω̂AR
dΩBR
−i[AR,ΩBR]
ΩcR

(3.52)
to which we add the renormalization of the physical parameters:
g = (1 + h¯nz3)gR , (3.53)
m = (1− h¯nz4)mR . (3.54)
Whereas it is not apparent from the transformations (3.52) that the fields transform in a
covariant way we observe that, e.g., sBR =
δΣR
δKR
= i[BR, cR]R.
4 Cohomology and renormalization of extended BFYM
In this section we perform the cohomological analysis on the formulation of the extended
BFYM model along the lines of the previous analysis. We quantize the model in the
Landau gauge d†A = d†B = 0, and IR regularize it with a Chern–Simons mass term.
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4.1 Classical analysis
The classical lagrangean with the addition of the CS term is
L = iB ∧ F + (B + dAη)
2 + im
(
A ∧ dA+
2
3
gA ∧A ∧ A
)
+
+c¯ ∧ ∗d†dAc+ b ∧ ∗d
†A+ φ¯ ∧ ∗d†(dAφ+ ig[B, c]) + h ∧ ∗d
†B +
+ΩA ∧ ∗s(A) + ΩB ∧ ∗s(B) + Ωη ∧ ∗s(η) + Ωc ∧ ∗s(c) + Ωφ ∧ ∗s(φ) . (4.1)
The dimensions, ghost-numbers, Grassmann and space-time parity of the fields and of
the external sources are shown in table 2. The classical action is characterized by the
A B η c c¯ b φ φ¯ h ΩA ΩB Ωc Ωφ Ωη
UV dimension 1
2
3
2
1
2
0 1 3
2
1
2
1
2
1
2
2 3
2
3 5
2
5
2
IR dimension 1 3
2
1
2
0 1 3
2
1
2
1
2
1
2
2 3
2
3 5
2
5
2
Ghost number 0 0 0 1 −1 0 1 −1 0 −1 −1 −2 −2 −1
Grassm. parity + + + − − + − − + − − + + −
Parity − + − + + + − − − − + + − −
Table 2: dimensions, ghost-number and Grassmann parity of the fields
following constraints:
δΣ
δb
= ∂µAµ ,
δΣ
δh
= ∂µBµ ,
G¯aΣ = 0 ,
F¯aΣ = 0 ,
S(Σ) = 0 ,
(4.2)
where
S(Σ) =
∫
d3x
(
δΣ
δAaµ
δΣ
δΩA
a
µ
+
δΣ
δBaµ
δΣ
δΩB
a
µ
+
δΣ
δηa
δΣ
δΩη
a + b
a δΣ
δc¯a
+
+ha
δΣ
δφ¯a
+
δΣ
δca
δΣ
δΩc
a +
δΣ
δφa
δΣ
δΩφ
a
)
,
G¯a =
δ
δc¯a
+ ∂µ
δ
δΩAµ
,
F¯a =
δ
δφ¯a
+ ∂µ
δ
δΩBµ
.
In the Landau gauge the classical action is also invariant with respect to the following
two integrated ghost equation:
GaΣ = ∆a(g) ,
FaΣ = ∆a(f) ,
(4.3)
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where
Ga =
∫
d3x
(
δ
δca
+ fabcc¯b
δ
δbc
+ fabcφ¯b
δ
δhc
)
, (4.4)
Fa =
∫
d3x
(
δ
δφa
+ fabcφ¯b
δ
δbc
)
, (4.5)
∆a(g) =
∫
d3xfabc
(
ΩAµ
bAcµ + Ω
b
BµB
c
µ + Ω
b
ηη
c − Ωbcc
c − Ωbφφ
c
)
, (4.6)
∆a(f) =
∫
d3x
{
fabc
(
+ΩbBµA
c
µ − Ω
b
φc
c
)
+ Ωaη
}
. (4.7)
By commuting these two operators with the Slavnov-Taylor identity we get two more rigid
invariances:
HarigΣ = 0 ,
N arigΣ = 0 ,
(4.8)
where
Harig =
∫
d3x
∑
ϕ
fabcϕa
δ
δϕb
, (4.9)
N arig =
∫
d3x
{
fabc
(
Abµ
δ
δBcµ
+ cb
δ
δφc
+ φ¯b
δ
δc¯c
+ hb
δ
δbc
+ ΩB
b
µ
δ
δΩA
c
µ
+ Ωφ
b δ
δΩcc
)
−
δ
δηa
}
.
(4.10)
Now, if we define
ΩˆA
a
µ = ΩA
a
µ + ∂µc¯
a (4.11)
ΩˆB
a
µ = ΩB
a
µ + ∂µφ¯
a , (4.12)
Σ̂[A,B, c, φ, Ω̂A, ΩˆB,Ωη,Ωc,Ωφ] = Σ[A,B, c, c¯, b, φ, φ¯, h,ΩA,ΩB,Ωη,Ωc,Ωφ] +
−
(
b ∧ ∗d†A+ h ∧ ∗d†B
)
(4.13)
the action Σ̂ satisfies the S.T. identity
B̂
Σ̂
Σ̂ = 0 , (4.14)
where
B̂
Σ̂
=
∫
d3x
 δΣ̂
δAaµ
δ
δΩ̂Aaµ
+
δΣ̂
δΩA
a
µ
δ
δAaµ
+
δΣ̂
δBaµ
δ
δΩˆBaµ
+
δΣ̂
δΩˆBaµ
δ
δBaµ
+
δΣ̂
δηa
δ
δΩη
a +
δΣ̂
δΩη
a
δ
δηa
+
+
δΣ̂
δca
δ
δΩc
a +
δΣ̂
δΩc
a
δ
δca
+
δΣ̂
δφa
δ
δΩφ
a +
δΣ̂
δΩφ
a
δ
δφa
)
. (4.15)
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The Slavnov-Taylor operator B̂
Σ̂
is again nihilpotent and satisfies B̂γB̂γγ = 0 ∀γ. The
action of the Slavnov-Taylor operator on the fields and the sources is
B
Σ̂
ϕ = δΣ̂
δΩϕ
= sϕ for ϕ = A,B, η, c, φ ,
B
Σ̂
Ω̂Aµ =
δΣ̂
δAµ
= i ∗ dAB − ig[η, B + dAη] + ig{Ω̂A, c}+ ig{ΩˆB, φ} ,
B
Σ̂
ΩˆBµ =
δΣ̂
δBµ
= i ∗ F + 2(B + dAη) + ig{ΩˆB, c} ,
B
Σ̂
Ωη =
δΣ̂
δη
= −2dA(B + dAη)− ig[Ωη, c] ,
B
Σ̂
Ωc =
δΣ̂
δc
= −d†AΩ̂A + ig ∗ [ΩˆB , ∗B] + ig[Ωφ, η] + ig[Ωc, c] + ig[Ωη, φ] ,
B
Σ̂
Ωφ =
δΣ̂
δφ
= −d†AΩˆB + Ωη + ig[Ωφ, c] .
(4.16)
4.2 Anomaly
The constraints (4.2,4.3,4.8) renormalize as in the gaussian formulation, so that we can
think the action functional Γ as satisfying the following constraints:
δ
δba
Γ =
δ
δha
Γ = 0 , (4.17)
G¯aΓ = F¯aΓ = 0 , (4.18)
GaΓ = ∆a(g) , (4.19)
FaΓ = ∆a(f) , (4.20)
HarigΓ = 0 , (4.21)
N arigΓ = 0 . (4.22)
Then it can be decomposed in the same way as the classical action Σ:
Γ[A,B, c, c¯, b, φ, φ¯, h,ΩA,ΩB,Ωη,Ωc,Ωφ] = Γ̂[A,B, c, φ, Ω̂A, ΩˆB,Ωη,Ωc,Ωφ] +
+
(
b ∧ ∗d†A + h ∧ ∗d†B
)
. (4.23)
For what concerns the renormalization of the Slavnov-Taylor identity, we follow the strat-
egy outlined in the previous section. Therefore we assume that there is no breaking till
the order (n− 1) and study the next order:
B̂
Γ̂
Γ̂ = h¯n∆+O(h¯n+1) , (4.24)
where ∆ is a functional of dimensions dUV ≤
7
2
and dIR ≥ 3 by virtue of the QAP, and
satisfies the constraints (4.17,4.18,4.21,4.22) and
Ga∆ = 0 ,
Fa∆ = 0 .
The nihilpotency properties of the Slavnov-Taylor operators imply the consistency condi-
tion
B̂
Σ̂
∆ = 0 . (4.25)
18
To solve (4.25) we consider the linearized problem
b0∆ = 0 , (4.26)
where b0 is the linear part of B̂Σ̂ and satisfies b
2
0 = 0. Because the fields η and φ are a
b0-doublet, then the cohomology of b0 does not depend on them; moreover the proposition
(3.1) still holds.
Therefore we can use the results of the previous section and conclude that also this
formulation of the BFYM theory is not anomalous.
4.3 Stability
Now, to study the most general invariant counterterms we have to solve
BΣL = 0 (4.27)
in the space of local field functionals of ghost number zero and dimension dUV ≤ 3 and
dIR ≥ 3, that satisfy the previous constraints; the ghost equations are written in this case
as
GaL = 0 , (4.28)
FaL = 0 . (4.29)
Due to the gauge conditions and the antighost equations, equation (4.27) reduces to
B̂
Σ̂
L = 0 . (4.30)
Solving the linearized equation
b0L = 0 , (4.31)
with the aid of proposition (3.1) we find
Ω03 = b0Ω
−1
3 + dΩ
0
2 + uAdA+ vBdA+ zdA ∗ dA . (4.32)
But the term of coefficient v is equivalent to F ∗ F , indeed
BdA = −
1
2
idA ∗ dA +
1
2
b0(ΩBdA)− d(ηdA) , (4.33)
therefore equation (4.32) becomes
Ω03 = b0Ω
−1
3 + dΩ
0
2 + z1dA ∗ dA + z2AdA . (4.34)
The extension to the cohomology of the S.T. operator is straightforward:
Ω03 = B̂Σ̂Ω
−1
3 + dΩ
0
2 + z1F ∗ F + z2LCS . (4.35)
The trivial part is given by
B̂
Σ̂
[t1Ω̂A ∗ A + t2ΩˆB ∗B + t3Ωη ∗ η + t4Ωc ∗ c+ t5Ωφ ∗ φ+ t6ΩˆBdA+ t7ΩˆBAA+
+t8ΩˆB ∗ dη + t9ΩˆB ∗ Aη + t10(ΩˆB ∗ Aη
2 + perm.) + t11(ΩˆBAAη + perm.)] (4.36)
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and it is easily seen that the topological rigid invariance (4.22) implies that
t1 = −t2 ,
t3 = t5 = t9 = t10 = t11 = 0 ;
in this way we get rid of all the non parity invariant trivial counterterms. Moreover the
ghost equation (4.28) implies that
t4 = 0 . (4.37)
Explicitly we see that
B̂
Σ̂
(Ω̂A ∗ A) = (NA −NΩ̂A)Σ̂ = NAΣ̂ ,
B̂
Σ̂
(ΩˆB ∗B) = (NB −NΩˆB)Σ̂ = NBΣ̂ ,
B̂
Σ̂
(ΩˆBdA) = (NB→∗dA −NΩ̂A→∗dΩˆB)Σ̂ = N
(1)
rot Σ̂ ,
B̂
Σ̂
(ΩˆB[A,A]) = (NB→∗[A,A] − 2NΩ̂A→∗[A,ΩˆB])Σ̂ = N
(2)
rot Σ̂ ,
B̂
Σ̂
(ΩˆB ∗ dη) = (NB→dη −NΩη→d†ΩˆB)Σ̂ = N
(3)
rot Σ̂ .
(4.38)
We have thus found that the most general invariant action giving Σ̂ in the h¯→ 0 limit is
given by
Σ̂ + h¯nz1Tr
∫
FA ∗ FA + ih¯
nz2mSCS + (4.39)
+ h¯na1(NA −NB)Σ̂ + h¯
na2
g2
N (1)rot Σ̂ + h¯
na3
g2
N (2)rot Σ̂ + h¯
na4N
(3)
rot Σ̂ . (4.40)
4.4 Renormalization transformations
With a transformation of the fields similar to that for the gaussian formulation we can
absorb all the counterterms that we found:
A0 = AR − h¯
na1AR ,
B0 = BR + h¯
n(a1 − z1)BR + h¯
n 1
g2
(−a2 + iz1) ∗ dAR −
i
2
h¯n 1
g2
(−2a3 + iz1) ∗ [AR, AR]− h¯
na4dηR ,
η = ηR − h¯
nz1ηR ,
c0 = cR ,
φ0 = φR − h¯
nz1φR ,
Ω̂A0 = Ω̂AR + h¯
na1Ω̂AR + h¯
n 1
g2
(a2 − iz1) ∗ dΩˆBR − ih¯
n 1
g2
(2a3 − iz1) ∗ [AR, ΩˆBR] ,
ΩˆB0 = ΩˆBR + h¯
n(−a1 + z1)ΩˆBR ,
Ωη0 = ΩηR + h¯
nz1ΩηR + h¯
na4d
†ΩBR ,
Ωc0 = ΩcR ,
Ωφ0 = ΩφR + h¯
nz1ΩφR ,
g0 = gR + h¯
nz1gR ,
m0 = mR − h¯
nz2mR .
(4.41)
We then conclude that the theory is algebraically stable, and again note that only the
F 2 term contributes to the physical renormalization of g.
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5 Conclusions
In this paper we have considered the first order BF formulation of 3D YM theory. Two
different models have been introduced, named gaussian BFYM and extended BFYM, with
a different symmetry and field contents but both classically equivalent to the standard
YM theory.
We have quantized the models, introduced a Chern-Simons IR regularization mass and
discussed their renormalization properties. In particular, using algebraic tools, we have
shown that both the models are anomaly free and stable against radiative corrections;
the physical renormalizations of the coupling and of the CS mass occurr exactly as in the
standard YMCS case. Moreover we have given a detailed analysis of the renormalization
tranformations which produce all the invariant counterterms required.
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A Feynman rules
A.1 Gaussian model
The propagator matrix for the gaussian model is
∆ab(x− y) =

∆AA
ab(x− y) ∆AB
ab(x− y) ∆Ab
ab(x− y)
∆BA
ab(x− y) ∆BB
ab(x− y) ∆Bb
ab(x− y)
∆bA
ab(x− y) ∆bB
ab(x− y) ∆bb
ab(x− y)
 , (A.1)
i.e.
∆ab(p) =

1
p2
Pµν − α
pµpν
p4
−εµρν
pρ
p2
ipµ
p2
−ǫµρν
pρ
p2
pµpν
p2
0
−ipνp2 0 0
 δab , (A.2)
where Pµν = δµν −
pµpν
p2
. BFYM theory has only the vertex BAA and the ghost one, and
indeed the off diagonal structure of the propagator matrix is relevant in recovering the
non linear self interactions of YM theory.
Note that the propagator ∆BB in (A.2) is not transversal; a closer analysis of it reveals
some problems. Indeed if we calculate 1-loop correction for this propagator it appears to
have a transverse structure of the type Pµν . This structure agrees with the Ward identity
for the quantum propagator GBB, which requires to all orders
pµGBµBν = 0 . (A.3)
This mismatch can be explained observing that in the inversion of the kinetic term we
have used the naive measure over B, while configurations of the type B = dAξ, which are
non dynamical owing to the Bianchi identity (they do not couple in the term B∧F ), give
a spurious contribution to ∆BB which has to be subtracted.
This fact is better understood considering the equivalence between equations (2.7) and
(2.12) and choosing d†AB = 0 as the topological gauge-fixing condition to use in (2.12).
The functional measure becomes
DBδ(d†AB)Dη det(d
†
AdA) e
−g2Tr (2B ∧ ∗dAη + dAη ∧ ∗dAη) =
DBDη δ(B − B0)
1
det(d†AdA)
1
2
det(d†AdA) e
−g2Tr (2B ∧ ∗dAη + dAη ∧ ∗dAη) ,
where B0 are the configurations such that d
†
AB0 = 0. After the η integration, which gives
(det d†AdA)
− 1
2 , the measure reads
DB δ(B − B0) , (A.4)
which means that the extended formulation is equivalent to exclude from the functional
integration the “longitudinal” B-fields. Therefore these degrees of freedom have to be
22
disposed of in the gaussian formulation. Then the correct propagator ∆BB turns out to
be
∆BµBν = −(δµν −
pµpν
p2
) , (A.5)
that satisfies the identity (A.3). In conclusion we have the following Feynman rules:
✟✟✟✟✟✟✟✟✂✁ ✂✁ ✂✁ ✂✁ ✂✁ ✂✁ ✂✁ ✂✁☛☛☛☛☛☛☛☛ ∆˜
ab
AAµν(p) = δ
ab 1
p2
(
δµν −
pµpν
p2
)
µ,a ν,b
p −→
✟✟✟✟✂✁ ✂✁ ✂✁ ✂✁☛☛☛☛
p −→
∆˜abBAµν(p) = −εµρν δ
ab pρ
p2
µ,a ν,b
∆˜abBBµν(p) = −(δµν −
pµpν
p2
)µ,a ν,b
p −→
✛ ∆˜abc¯c(p) = −δ
ab 1
p2
a b
←− p
µ, a Λ˜abc(BAA)µνρ = −igf
abcεµνρ✑
✑✑
✑✑
   
   
✄✂
✄✂
✄✂
✄✂
ρ, c
✏✏✏✏✏
✁ ✁ ✁ ✁
✄✂ ✄✂ ✄✂ ✄✂
ν, b
✠
✠
✠
✠
✠
✄✂✄✂✄✂✄✂✄✂
✟
✟
✟
✟
✟
µ, a
Λ˜abc(Ac¯c)µ(p) = −igf
abcpµ
b
←− p
c
A.2 Extended formulation
In this case the propagator matrix becomes
1
p2
Pµν − α
pµpν
p4
−ǫµνρ
pρ
p2
0 ipµ
p2
0
−ǫµνρ
pρ
p2
−β pµpν
p4
−iβ pµ
p4
0 ipµ
p2
0 iβ pµ
p4
1
p2
− β 1
p4
0 1
p2
−ipν
p2
0 0 0 0
0 −ipν
p2
1
p2
0 0

. (A.6)
We observe that in this formulation of the theory the propagators satisfy the Ward iden-
tities because the introduction of the η-field and the topological gauge-fixing separate the
transverse and longitudinal parts of the B-field.
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B Ward identities on two point functions
In this appendix we collect the Ward identities on two point functions for the gaussian
model. Organizing the propagator matrix of the fields A and B as
∆ =
 ∆AA ∆AB
∆BA ∆BB
 ,
we have with similar notation
∂µ∂ν∆
ab
µν(x− y) =
 α 0
0 0
 δabδ(3)(x− y) , (B.1)
∂µ∂νG
ab
µν(x− y) =
 α 0
0 0
 δabδ(3)(x− y) , (B.2)
∂µ∂νΓ
ab
µν(x− y) =
 0 0
0 γ(x− y, g2)∂2
 δabδ(3)(x− y) , (B.3)
∂µ∂νΣ
ab
µν(x− y) =
 0 0
0 (1− γ(x− y, g2))∂2
 δabδ(3)(x− y) , (B.4)
for the complete propagators G, for the inverse quantum propagators Γ and for the self-
energies Σ.
C Notations and conventions
In the paper we have used the following conventions
Tr (T aT b) =
1
2
δab [T a, T b] = ifabcT c (C.1)
where the T ’s are the generators of a representation of the Lie algebra of the gauge group
and fabc the structure constants.
The covariant derivative is
dA = d− i[A, ·] (C.2)
and the Hodge-adjoint operators are defined as
d† = ∗d ∗
d†A = ∗dA∗
where ∗ is the Hodge duality operator. We also write F = Fµνdxµ ∧ dxν .
The inner product in the space of Lie algebra valued q-forms is
(ϕ, ω) =
∫
Tr (ϕ ∧ ∗ω) , (C.3)
which in the euclidean space is positive-definite. We have also used ϕ2 = (ϕ, ϕ).
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